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ABSTRACT 

A model of the diffractive production of multipion states on 

hydrogen and heavy nuclei is presented. The model is statistical 

in nature and incorporates the effects due to the competition between 

many open channels at high mass. In this picture, multipion states 

are produced in a two-stage process: an excited meson state (fireball) 

is produced peripherally, through pomeranchukon exchange, which 

then proceeds to decay in a manner described by the strong statistical 

boots trap. As an application of this model, we study the production 

of three and five charged pions in pion-induced reactions on hydrogen, 

deuterium and heavier nuclei. In particular, the size of the cross 

section for diffractively producing five charged pions is related 

uniquely, through factorization, to that for producing three charged 

pions. The results, including mass distributions, are in good agree- 

ment with the available data. 
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I. INTRODUCTION 

The nature of the multipion enhancements diffractively pro- 

duced on hydrogen and complex nuclei has been a subject much dis- 

l-5 
cussed in recent years. There have been several experiments, 

but a comparatively small amount of theoretical work to explain them. 6, 7 

Recently, it has been proposed that these enhancements might 

be considered as the result of a statistical superposition of a continuum 

of pion resonances, or fireballs. 8,9 The validity of this description 

is expected to improve as the mass of the fireball increases. While 

the A1 three-pion enhancement is on the borderline of validity for 

statistical considerations, the A3 three-pion enhancement, and the 

five-pion enhancement, being at higher excitation should be better 

described by such a treatment. Higher multiplicity pion systems 

should then be ideal for study using statistical resonance superposition. 

Some aspects of the model used here to describe these phenomena have 

already been presented in Refs. 8, 9, and 10. 

Specifically, we assume that a superposition of resonances is 

excited peripherally in a high energy hadronic reaction through 

pomeranchukon exchange. The fireballs then decay into the final 

state under consideration, e.g., 3rr, 5~r, according to branching 

ratios determined essentially by the statistical bootstrap. The 

spectral shape is determined by this programme. The absolute 
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cross section normalization of course depends on pomeranchukon 

exchange parameters. However, using factorization, we can relate 

the cross-sections for various enhancements one to another. Further- 

more, the knowledge of production amplitudes for diffractive processes 

on protons can be used to calculate coherent production on nuclei, 
11 

as outlined below. 

II. DESCRIPTION OF FIREBALL DECAY, AND DIFFRACTIVE 
PRODUCTION ON PROTONS 

The proposed picture of peripheral, diffractive production of 

charged 3rr and 5rr modes is shown in Fig. 1. We assume that the 

relevant density of pion resonances is given by a continuum, together 

+ - 
with the discrete TI , T , and p 

0 
states. 

The fireball decay is described by a linear chain, as indicated 

by the strong statistical bootstrap solution for the density of states. 
12-14 

In this model, an ideal high mass resonance will produce n particles 

in its first-generation decay, with the probability distribution 
12 

P(n) = (an21 n-*/ (n-l 11. independent of the initial fireball mass. It is 

easily seen that two-body decays dominate over three- and four-body 

ones (P(2) = 69%, P(3) = 240/, P(4) = 6%, . . . ), with higher multiplicity 

channels giving negligible contributions (in fact, the average number of 

decay products is 2.4). Moreover, it is found that the dominant con- 

tributions come from configurations in which one heavy resonance is 
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produced, together with a number of light particles (bearing in mind 

the above probability distribution) except at the end of the chain where 

only light particles are produced. The length of the decay chain is pro- 

portional to the mass of the parent fireball. 

We emphasize that these properties hold, in an average sense, 

for very massive ideal fireballs: to describe the non-asymptotic 

situation considered here, we will make use of them in a slightly 

modified form, motivated by experiment. 

Our description of the fireball decay chain is then as follows: 

at each vertex, except the last one, a single (charged) pion is emitted, 

together with a heavy resonance which we describe statistically. The 

chain terminates by the emission of a pion and a p” meson (we take 

the emission of correlated pion pairs to be dominated by the discrete 

p resonance, as is strongly indicated by experiment). Note also that 

we consider only two-body decays involving a pion and a fireball at 

each vertex because of the limited masses of the parent resonances 

under consideration: for high fireball masses (M 2 5 GeV) the con- 

tribution of light particles other than pions (in general, n, K, p, o, . . ., 

but see Ref. 15) being emitted earlier in the decay chain should pre- 

sumably be included in order to achieve asymptotic bootstrap con- 

sistency. Finally, for the case of A3 production, the experimental 

fact of the dominance of the fOn mode requires the inclusion of the 

f” as a discrete state. As far as the 5n enhancement is concerned, 
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however, a possible fan contribution is small compared to the dominant 

mechanism of chain decay described above and illustrated in Fig. l(d). 

We write for the differential cross section for the processes 

of Fig. 1 

TT- 

d’q. 
do = w4 d3pf n 

--L 
z+{s, m ’ mi 1 (2ni32Ef 

2Ei h4(P1 +p2- Pf -9) 

P’ i =1 

x R(s,t, XI) ~iM,mf . . . mn, q1 . . . qn) (1) 

In Eq. (i), R(s, t, M) is the pomeranchukon exchange amplitude 

squared for the diagram of Fig. l(a), corresponding to a total center- 

of-mass energy squared s, and four-momentum transfer squared t, 

M being the mass of the produced fireball. The momenta and energies 

are labelled as follows: pi, p2 and pf are the four-momenta of the 

incident pion and proton, and outgoing proton respectively (Ef is the 

outgoing proton energy). Theqi and Ei are the four-momenta and 

energies of the n decay products (a, p,f) of mass mi, of the produced 

fireball. 

At high s, X!s, m2 m’) +s, 
d3pf 

P’ = 
and we have - + TT dtdM2 

2Ef 
2s ’ 

so that 
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n 
2 

da r 

dM2 2s2 I 
dt R(s,t,M) 

T-r 

d3qi 
2E. h4(Pl +P2 - Pf - Qi) 

i-l 1 

The quantity w(M, ml . . e mn, qi . . .q.n) is the branching 

ratio for the decay of an excited meson state of mass M into the 

particular channel under consideration: its form is determined by the 

statistical assumption outlined above and in Refs. 8 and 9. In particular, 

it factorizes into the contributions of the successive decay vertices of 

the tree-like chain; explicitly, at each vertex, we write for the 

branching ratio of a fireball of mass Mcu to decay into a fireball of 

mass M cu+l, plus n@ light particles (Fig. Z), the following expression 

n 

ou(lLla, MO+*; ml -. ~ mn ) = v [ 1 
u P(M~+~) 

(21T)3 
2M 

* cU+1 

Q(MCY, Mcy+l; ml . . . m, 1 
(Y 

X 
P(MJ 

(3) 

We denote by p(m) the density of hadronic states at mass m, and 

by V a characteristic hadron volume, both quantities to be specified 

later. 

The function Q(MCY, Ma+l; ml . . . mn ) is the ratio of non- 
(Y 

invariant to invariant phase space, evaluated in the rest frame of the 
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decaying fireball. Explicitly, me have 

/I- . . . d3KQ+$d3qi6(Mw - Ei,+l -ZEi)63(za+l +q, 

Q= n 

/J 
d4K 

@4 i-2 
. . . di 6+(K;+i - Mz+%nd qi6 (4, 

1=1 
- m;)64(K 

(Y 
- Kcu+l - Z:si) 

(3a) 

Here, ICa and K@++ label the four-momenta of the decaying and 

produced fireballs of mass M and Mn+l respectively. The qi and E. 
(Y 1 

represent the four-momenta and energies of the nry light particles, as 

before. 

The form (3) involves the ratio of the density of states of the 

particular decay mode within the parent fireball to the total density of 

states of the parent fireball. This may be viewed as the explicit 

realization of a competition mechanism between all available decay 

channels of the original excited meson state. 
16 

The ratio of non- 

invariant to invariant phase space appears in (3) since the density of 

states in the statistical bootstrap is formulated in terms of non- 

invariant phase space, and we require an invariant matrix element. 

As an example, the diagram of Fig. l(d) leads to 
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%!Ki - K2 - 92) a4(K2 - q3 - 4,) 

x ~(31, ml . -. m4, qi . *. q4) (4) 

where Ku is the four-momentum of the intermediate fireball of mass 

Mcu (the factor in square brackets, with associated delta functions, 

allows for summation over intermediate fireball. momenta). For 

o(M, m 1 .*. m4, qi . . . q4) we have the factorized form 

w(M,m 1 0.. m 4’4i 1.0 q4)=Oo(“,M1;m1)01(M1,M2;m2)02(M2;m3,m4) (5) 

where 

V 
o o(m, Ml;ml) = - 

M4 - (M; - m,2)’ dMi) 

(2=j3 M2pUW 2M1 
(5a) 

V 
w~(M~, M2;m2) =- 

Mt - CM: - m;)2 P(M~) 

(2iT13 +(Mli) 2M2 
(5b) 

w2(M ;m 
v2 M; - (mf - ,:I2 

2 3’ 
m,) =- 

m? M;p(M2) 
(5c) 



-IO- NAL-Pub-73/58-THY 

In the specific case of the decay chain shown in Fig. l(d) we have 

mi =m =m 
2 3 

=m andm 
TT 4 

=m 1 
P 

It remains to specify K(s, t, M). This is determined by the 

nature of the pomeranchukon exchange mechanism. We adopt the 

simple form: 

R(s,t,M) = p(t)s2/M3 (6) 

appropriate for PPR triple-Regge coupling. &4 possible PPP contri- 

bution could be added without appreciably changing the results below. 

III. COHERENT PRODUCTION ON NUCLEI 

The coherent production of a pion fireball on a nucleus involves 

in general a coupling of channels for all excited states that couple 

diffractively to the initial pion. An optical model scheme for 

calculating the amplitude for production in any channel has been 

described in detail by several authors. 
17-19 

We argue here that 

because of the large number of states available for diffractive coupling 

to any pion fireball mass, statistical assumptions should be involved. 

Our statistical picture of the last section implies random phases8 for 

the various two-body diffractive amplitudes on a nucleon. As a 

result, it follows that coherent production of any fireball should be 

dominated by a one-step process in which the incident pion undergoes 

damping through the nucleus, making a diffractive transition on one 
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nucleon, as in Sec. II; the diffractively produced fireball proceeds to 

go through the nucleus, being damped in its outgoing motion (the 

damping would correspond to dominantly incoherent non-diffractive 

processes ). 

The amplitude for such coherent production on heavy nuclei 

(A > 10) is given by 
11 

m m 

F(q2) = fIIYD (0 ) 2rrA dz J J db b exp [ iqLz ] Jo (qTb) 
-m 0 

where 

X db, z) exP [- + oi’T(b) ] exp [-+ (02’- oi’) T(biz)] (7) 

m 

T(b) E T(b; -a) = J Ap(b,z’)dz’ 
-m 

m 

T(b;z) = 
J- 

Ap(b, z’)dz’ 
7. 

ok 
‘=ok(l -i 

“ic’ 

We have put fHYD (0) for the forward production amplitude on hydrogen. 

Here, p(b, z) is the single nucleon density in the nucleus ( 
J 

p(F)d3r = 1), 

A is the number of nucleons; oi and e2 are the total cross sections of 

particles 1 and 2 on nucleons, and oi and cy 
2 

are the ratios of real to 

imaginary parts of the forward amplitudes for the elastic scattering 
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of particles 1 and 2 on nucleons. In the present case, the indices 

1 and 2 refer to the incident pion and outgoing fireballrespectively. 

The (c, z) are cylindrical coordinates for the projectile and the prc. 

duced fireball. Finally, q 
T 

and qLare the transverse and longitudinal 

momentum transfers given by 

‘TE ‘lab 
0 

qL= CM2 - M; I/ 2plab 

where MO and VI are the masses of the incident and outgoing particles 

respectively, plab being the incident particle momentum in the 

laboratory. 

Formula (7) has been used 
3,19 

to analyze the coherent pro- 

duction on nuclei of 3~ systems in the A1 region, and of 5ri systems. 

The resulting A dependence leads to a total cross section3 :4 z 26mb 
1 

and o 
5lr 

= 17 mb rather independent of the mass, within the region of 

the enhancements considered. The A1 enhancement produced on 

nuclei looks much like that on protons with the A2 cut away. We 

propose then that the 5rr enhancement seen in nuclei is the same as the 

diffractive component on hydrogen, cut off more sharply at the high 

mass end due to longitudinal momentum transfer effects. This is 

consistent with a statistical resonance superposition description of 

the enhancement on hydrogen. 
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Note that the resonances or fireballs produced in a one-step 

process as described above would decay predominantly outside the 

nucleus since they are moving so swiftly. In fact, the Lorentz con- 

traction factor for a 15 GeV/c resonance with a width of say, 200 MeV 

assures this. The fact that the 5rr fireballs have a large apparent 

mean free path in nuclei could then be a real effect, i. e., perhaps 

tot 
O5rr 

1s small; further experiments would be of interest in this 

connection. 

IV. RESULTS OF CALCULATIONS AND DISCUSSION 

We have calculated the mass distributions for the processes 
- - 

(i) tr*p 
l *; 

- - 

- r T a p; (ii) rip - TT*~*TI+TT*TI+~; and (iii) rr’A - ,*P,‘T*?TiA 

(coherent production; A stands for a variety of nuclear targets), using 

the formalism developed above and applying it to the dominant diagrams 

illustrated in Fig. I( (b) and (c) contribute to 37r production in the A1 

and A3 regions respectively, and (d) is the dominant contribution to 

the 5~7 enhancement ). As mentioned above, we have obtained the 

spectral shapes for coherent production on nuclei, by correcting the 

results on hydrogen for t 

later in this section. 

min 
effects, in a manner to be described 

We have taken for the density of hadronic states the form 12,20 

p(m) = ~rn-~exp [m/T] (8) 
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with T = 160 MeV. This corresponds to the volume V appearing in 

Eq. (5) being that of a sphere of radius r = 1. 1 fermi. 

Figure 3 shows the results of the calculation of the A4i(prr) 

0 
and A3(f pi) mass spectra on hydrogen, using the above methods, 

along with experimental data from Ref. 2. 

In Fig. 4, we give the prediction of the present model for the 

spectrum of five charged pions diffractively produced on hydrogen in 

arbitrary units. However, given the absolute cross section for pi 

production, the absolute value for 5~r production can be computed. 

We do this below in the case of reactions on freon, for which data 

of this type is available. 
4 

Figures 5, 6 and 7 show the results of our calculations of 

coherent 5~ spectra on heavy nuclei, 
3 

freon4 and deuterium5 

respectively. We have used for these calculations the results on 

hydrogen, modified by a multiplicative factor of exp [-$R’qi] to 

account for nuclear t min effects. The values of the radius parameter 

squared, R2, used for various targets are listed, along with the 

reactions considered, in Table I. The normalization for heavy 

nuclei relative to hydrogen is provided by Eq. (7). 

Absolute values for the cross sections for coherent production 

of three and five charged pions on freon (C,F5Cl) at 16 GeV/c !have 

been given by Huson, et alP Assuming that one step coherent pro- 

duction dominates as outlined in the last section, and that the OTT 
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channel dominates the 37 cross section as is borne out by experiment, 

we can consider the ratio of production cross section 
%r’Q5n on freon 

as being determined by the same ratio on hydrogen, modified by the 

tmin effects described above (this assumes comparable mean free 

paths in freon for 3rr and 5rr fireballs). There are two distinct diagrams 

of the type shown in Fig. i(d), corresponding to pions 2 and 3 being 

interchanged (we assume that no pion fireballs carry exotic quantum 

numbers !. Moreover, isospin couplings at the vertices introduce 

a factor of 7 /I2 for the diagram shown in Fig. l(d) relative to that 

in l(b). Taking all this into account, we find the result: 

r 
s ki.$d dM 

=u lu 
3lT 5Ti 

= 46 (theoretical) 

on freon at 16 GeV/c incoming pion momentum. Experiment4 yields 

the result 

c3rrl c5ir 
= 40;;; (experimental) 

The agreement between theory and experiment is thus seen to be 

excellent. 

Finally, we remark that there is a substantial dependence on 

energy of the 5, mass distribution. The peak is displaced to higher 

masses as the energy increases for a given target, and to lower 

masses as the target mass number increases for a given laboratory energy. 
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V. CONCLUSIONS 

We have presented a statistical picture of 3rr and 5ri diffractive 

production on hydrogen and coherent production on nuclei in which a 

continuum of resonances is peripherally produced via pomeranchukon 

exchange. It seems clear that a suitable extension of the methods 

described above will permit calculation of diffractive enhancements 

for other projectiles and for higher mass excitations involving higher 

multiplicities of secondaries. 

The results above indicate that statistical methods are very 

successful in describing the high mass meson continuum (mass 21. 2 GeV). 

It should be pointed out that the present model should successfully 

describe the baryon continuum as well. Also, the photoproduction of 

heavy vector mesons can be treated similarly, both on hydrogen and 

nuclear targets. 
9 

Further experiments, especially at the NAL and 

Serpukhov facilities would clearly be of considerable interest. 
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TABLE I 

Target 
Mean Mass 

Number 
2 $ 

<r > 
nucl 

Reaction Ref. 

(fm) (lab. momentum) 

D 2 2.8 
+ + 

TI D-+371 Zrr-D 5 
(13 GeV/c > 

Freon 
C2F5C1 

3.0 il -6-r -3rr Zrr+Fr 4 
(16 GeV/c ) 

Complex Nuclei 84 5.0 TT A - 3~ Zr+A 3 
(Be, C, Al, Si, Ti, (15.1 GeV/c ) 
Cu, Ag, Ta, Pb) 

List of reactions on nuclei, 
2? 

with target rms radius <r >’ this is 
nucl’ 

related to the radius parameter R appearing in the t min 
factor 

3 2 
exp(-tR2qk) by <~‘>,~~l = z R . 
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FIGURE CAPTIONS 

Fig. l(a) 

lb) 

Cc) 

(d) 

Fig. 2 

Fig. 3(a) 

(b) 

Fig. 4 

Fig. 5 

Dynamical mechanism for the diffractive excitation 

of a heavy fireball of mass M. 

The dominant fireball decay vertex for three-picn 

production in the Ai region. 

Same as (b), in the A3 region. 

The dominant linear decay chain for 5~ production. 

General decay vertex of a fireball of mass M into 
* 

a fireball of mass M 
Cd+4 

and n light particles. 
Q 

Combined data for the Ai mass spectrum from 

reactions TIDE - ,*r*,“p at 16 GeV/c (Ballam, 

the 

9. , Ref. 2) compared with the contribution of 

the diagram of Fig. l(b). Only events for which 

t’ < 0. 08 (GeVic )’ are included (t’ 3 1 t - tmin 1 ). 

The A3 mass distribution (f’rr) in the reaction 

rr-p - rr+rr-rr-p at 40 GeV/C (O.O4<t’< 0.33 (GeV/c )2, 

A if removed), compared with the contribution of 

diagram 1 (c ). Data from CIBS collaboration, Ref. 2. 

Model prediction for the charged 5~ mass spectrum 

diffractively produced on hydrogen. 

The coherent five pion speytrum observed by Bemporad, 

et. , on complex nuclei, compared with the 
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Fig. 6 

Fig. 7 

contribution of diagram i(d). tmin effects are 

included as explained in the text. 

The coherent five pion spectrum observed by Huson, 

et. , on a freon (C2F5 Cl) target, compared with 

the contribution of diagram l(d), including tmm 

effects. Only events with t’< 0.04 (GeV/c )’ are 

included (Ref. 4). 

The data of Paler, aal. , on coherent 5rr production 

on deuterium (Ref. 5) is compared with the con- 

tribution of diagram l(d). 
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